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Abstract

We present a new psychological mechanism for analyzing complex reasoning problems such as the logical reasoning problems seen on the GRE (and other standardized tests). This mechanism includes a psychological counterpart to possible worlds semantics as typically seen in modal logic, and we thus refer to it as the ‘Mental Possible World Mechanism’ (MPWM).   MPWM embodies the interaction between syntactic and semantic processes in reasoning that distinguishes the new Mental MetaLogic theory (Yang and Bringsjord, 2001) of reasoning, which provides, among other things, bridging relations between two major competing theories in the field: mental logic and mental models.  Though the thrust of this first paper on MPWM is theoretical, some preliminary empirical evidence supporting MPWM is provided.
1.  Introduction
The Graduate Record Examination (GRE) contains a class of complex reasoning tasks known as “logical reasoning” (LR) problems.   These problems are demanding for human reasoners and beyond the competence of any existing computer program.  (That is, no one has yet managed to write a program that can take these items in verbatim, and select correct answers on some principled basis.)  Thus, LR items provide a rich testbed for psychology of reasoning.  Here is an example of an LR problem that might be seen on the GRE, and we will take it as representative in this paper.

The Lobster Problem

Lobsters usually develop one smaller, cutter claw and one larger, crusher claw. To show that exercise determines which claw becomes the crusher, researchers placed young lobsters in tanks and repeatedly prompted them to grab a probe with one claw – in each case always the same, randomly selected claw. In most of the lobsters the grabbing claw became the crusher. But in a second, similar experiment, when lobsters were prompted to use both claws equally for grabbing, most matured with two cutter claws, even though each claw was exercised as much as the grabbing claws had been in the first experiment.


Which of the following is best supported by the information above?

(A) Young lobsters usually exercise one claw more than the other.
(B) Most lobsters raised in captivity will not develop a crusher claw.
(C) Exercise is not a determining factor in the development of crusher claws in lobsters.
(D) Cutter claws are more effective for grabbing than are crusher claws.

(E) Young lobsters that do not exercise either claw will nevertheless usually develop one crusher and one cutter claw.

The correct answer is (A).  Though all our readers are quite capable of determining this, perhaps it will be intuitively clear to them now that LR problems are far from easy.  One of the reasons LR problems are complex is that they can be analyzed into two structural levels:  surface structure and inferential structure. The surface structure of an LR problem has three parts:  a text, a question that can be asked, of course, in different ways, and five options, including one correct answer and four foils. The LR problems vary in their difficulty. Yang & Johnson-Laird (1999) studied LR problem difficulty from the perspective of surface structure.  One problem that this work left open was that of determining how and to what degree the logical structure of the text, taken in conjunction with the correct response, influences difficulty. This task concerns the inferential structure of an LR problem, to which, given the absence of reports in the psychology of reasoning literature, we can safely say little effort has hitherto been directed.

2.  Current Theories of Reasoning 

There are two major competing psychological approaches to modeling deductive reasoning. It is well known that mental logic theory claims that people can reason by applying inference schemas akin to formal rules (e.g., Yang, Braine & O’Brien, 1998; Rips, 1994), whereas mental model theory postulates that people reason by building up mental models based on the possibilities arising from the premises (e.g., Johnson-Laird & Byrne, 1991). However, both theories have certain limitations and weakness in modeling LR problems. On the one hand, the proposed mental logic solution to the lobster problem is purely syntactic, and, more significantly, probably too long and too complicated to be consciously constructed by untrained reasoners.  On the other hand, though the mental model solution is purely semantic, and though its representation looks simple, some quite clever thinking is required in order to fix the real possibilities. Neither theory, therefore, provides a satisfactory mechanism for how people process LR problems.

3.  Mental MetaLogic, the Mental Possible World Mechanism, and LR Problems

The new Mental MetaLogic (MML) theory (see Yang & Bringsjord, 2001) aims to provide a unified account of the two competing, seemingly incompatible psychological approaches. MML includes the necessities and possibilities by which each competing theory can be  modified in order to account for the available empirical evidence. Mental MetaLogic is not only fundamentally a psychological theory based on the available empirical evidence, but it also aims to formally specify the interactions between the syntactic and the semantic processes in human reasoning.  If Mental MetaLogic is any good, then it should deliver a method for analyzing LR problems that weaves together elements of mental logic and mental models.  Such a method is precisely what MPWM is.

MPWM has the following new characteristic: It is technically a modified version of so-called possible world semantics in the modal logic framework.  (See Hughes & Cresswell 1984 for coverage of propositional modal logic, including possible worlds.)  The use of modal machinery is prompted by a crucial fact:  many LR problems ask questions in modal mode (e.g., “being best supportive” in the lobster problem). In the family of modern formal logic, modal logic deals with necessity, possibility, and other more “exotic” modal operators (e.g., tense and counterfactuals). The validity of a modal statement is defined by possible world semantics. Very briefly, the structure of the standard possible world semantics consists of three components, <W, R, V>. The first component, W, is a (finite or infinite) set of possible worlds. The second component, R, is a binary relation called accessibility on W. The third component, V, defines the truth conditions and value-assignments of atomic sentences at each world. Under a given possible world semantic structure, a statement is necessarily true at a world, w, if it is true at all its accessible worlds wi  such  that w R wi , and it is possibly true if there exists some accessible world wi  such  that w R wi. (Hughes & Cresswell, 1984). Characteristic 2:  MPWM is at bottom a psychological theory. It allows syntactic representations and processes, and models the interactive processes between the syntactic and semantic processes in complex reasoning (which is why it’s said to be a mechanism, not a logic, nor a semantics). MPWM is a multi-step mechanism. Below, we introduce MPWM through a step-by-step analysis of the lobster problem.  

Step 1. Encoding the set of possible worlds.  When reasoners read through the lobster problem, they of course need to first understand the text, the question, and/or the multiple options.  And in order to conceptually understand an LR problem, reasoners need to categorize the given text. Usually, a text involves several major categories. For example, in the lobster problem, it involves these categories: the situations (the usual situation, the first experiment, and the second experiment), the lobsters (young lobsters observed in different situations), and the claws (left claw, right claw, crusher, cutter). MPWM is based on the hypothesis that only one of these categories will be chosen as the base category (dimension) in order to frame the set of possible worlds. For an ideal logical reasoner, the text should be fully categorized and the most informative category could be chosen as the base dimension. However, for an ordinary reasoner, this base category is most likely to be chosen intuitively without fully categorizing the text. If the chosen category contains only one element, it becomes a special case; in this case MPWM reduces to mental model theory. But in general, the chosen base category contains more than one element. In the lobster problem, if the category of situations is chosen to encode the text into a set of possible worlds, each particular situation becomes a possible world, but not a mental model (we will see why in the next step).

In this paper, we assume the category of situations as the base dimension at the encoding stage. Thus, W includes three possible worlds: w1 indicates the world of usual situation, w2 indicates the world of the first experiment, and w3 indicates the world for the second experiment. MPWM postulates that Step 1 is a pre-semantic step, which is akin to possible world semantics and mental model theory, but different from both of them in the following sense. As we mentioned earlier, possible world semantics formally allows finitely or infinitely many possible worlds and mental model theory in psychology considers all the “real” possibilities in a single world. On the one hand, MPWM treats mental model theory as a special case, but considers multiple worlds whenever necessary as its general frame. In dealing with complex reasoning like that required for success with LR problems, using a single world runs the risk of over-simplification. On the other hand, MPWM regards only a limited number of worlds as required to start encoding a given text.



Step 2. Making possible worlds canonical.  In modern modal logic, for a given system, that its possible world semantics is a canonical model means that each possible world consists of a set of sentences and consists of only those sentences that are true at this world (Hughes & Cresswell, 1984). Interestingly, mental model theory independently holds the so-called Principle of Truth:  People usually tend to represent only what is true in constructing mental models (e.g., see Yang & Johnson-Laird, 2000a, b). Notice that these two representational systems are two extreme cases: As a formal semantics, a canonical model consists of the so-called well-formed formulas, which could be exceedingly complex.  As a psychological system, a mental model contains the so-called mental tokens, which should look as simple as possible.  Current mental logic theory has no counterpart at this point; but to push its tradition further, we may imagine that it would claim that what is to be represented in each world are the sentences written in English, and, accordingly, we can assume their face value as truth at this world. MPWM allows all these possibilities, as long as they make each world canonical. MPWM claims that at this stage the reasoners represent only what is true within each world, which is consistent with the canonical principle and/or the principle of truth, but it considers how these true elements are to be represented to be a tactical matter. MPWM admits a variety of ways of representing the truths within a given possible world. If the reasoner has good logical training, he/she might use symbolic representations such as well-formed formulas; if the reasoner is clever, he/she would be able to build mental models by using simple mental tokens; if the reasoner is somehow “conservative,” he/she would simply copy the English sentences or probably rewrite them with some abbreviations.  Whatever the representational scheme, at this stage it will be safer for reasoners to keep their representations as close to the logical structure of the original sentences in the text as possible.

In the following, we will use the rewritten original English sentences given in the text of the lobster problem to represent what is true within each possible world chosen at Step 1. (This way of representation is close to the manner of mental logic theory. It should be easy to use mental models along the same line, and it would not be too hard to use some full symbolic representation.) Thus, we have three canonical worlds as below:

Wusual = {Lobsters usually develop one cutter claw

   
and one crusher claw}

Wexperiment-1 = {Young lobster exercised one claw, and

  
 that claw became the crusher claw}

Wexperiment-2 = {Young lobsters exercised two claws

  
 equally, and both became cutter claws}
Step 3. Reasoning to increase the degree of relevance. Note that though formal logic and psychology of reasoning hold different normative theories, all of the approaches we have mentioned (i.e., modal logic, possible world semantics, mental models, and mental logic) are representational systems modeling so-called deductive reasoning; and as such all such approaches study whether a conclusion follows (based on each particular normative theory) a set of premises given. However, one thing that makes the so-called informal reasoning seen in LR problems complex is that the given text as a whole needs to be decomposed into a set of individual premises.  This is actually the issue we were dealing with under the issue of semantic constraint (canonical worlds or the truth principle) in the previous step. There are two additional open questions related to this issue: Why and when need reasoners reason and how far need they go? The present step attempts to start answering these questions.

Looking at the three canonical possible worlds for the lobster problem above, the reasoner needs to increase the relevance among the worlds. That is the reason why the test-taker needs to reason, after all. First, it is easy to see that Wexperiment-1 and Wexperiment-2 are not compatible. Theoretically, here the incompatibility can be treated as a special case of the relevance.  Second, MPWM claims that the reasoner will consistently extend a possible world by using either the information stated in this world or by using the information cross-world. Since Wexperiment-1 and Wexperiment-2 seem incompatible, the reasoner has to extend the remaining Wusual by using cross-world information. This is itself a reasoning process and it can follow either mental model theory to build incremental models or mental logic theory to make intermediate conclusions. Below we only present the newly inferred intermediate conclusions in following the mental logic approach. By using information in Wexperiment-1, we have

1) Wusual = {Lobsters exercised one claw more than the other};


by using information in Wexperiment-2, we have

2) Wusual 
= {Lobsters did not exercise two claws equally}. 

Step 4. Establishing the accessibility and determining the conclusion. MPWM uses that which motivates the reasoner to increase the degree of relevance in order to determine the possible accessibility relations among the worlds in question. Thus, how far reasoners need to go depends on where they can see and/or build the accessibility on W. Given that the present set of possible worlds W includes 3 worlds, the universal binary relation on W contains 9 ordered pairs of worlds, of which 3 pairs are reflexive and the other 6 are inter-worlds.  Consider that the current mental model theory only promises a single world; in analyzing the text, mental model theory is therefore actually committed to the universal binary relation on W. Here both MPWM and mental model theory would admit a partial relation (i.e., a subset of WxW) as psychological reality, but via different reasons: Current mental model theory would have to claim that a partial relation is due to limited working memory, but MPWM is able to treat it as the result of reasoning. In general, MPWM would normally grant the reflexivity for each world as psychological reality.  For inter-world accessibilities, MPWM treats them as strategic matters and is committed to individual differences.  If a reasoner only sees an accessibility relation between Wusual and Wexperiment-1  (i.e., Wusual R Wexperiment-1 and Wexperiment-1 R Wusual ), he/she should choose Option (A) as best supported by the text in lobster problem, which is the proposed correct answer. If a reasoner also permits Wexperiment-2 as accessible from Wusual, and/or if a reasoner even admits the accessibility relations between Wexperiment-1 and Wexperiment-2 (note, this is an illusion), he/she would choose option (C), which is an attractive foil. Thus, at this point, MPWM explains both valid inferences and illusory inferences in the LR task we have taken as representative of the class.

4.  Predictions and Empirical Evidence

MPWM predicts problem difficulty by three structured factors: the number of possible worlds, the number of representational units (mental models and/or statements) within each world, and the number of inferences (within a world or cross-world). We analyzed 12 LR problems. The predicted difficulties are highly consistent with ETS statistics and are significantly supported by the results reported in Yang & Johnson-Laird (1999). We also conducted an experiment (in collaboration with Johnson-Laird), in which we collected think-aloud protocols (N = 16); the results significantly satisfied the predicted difficulties. The coding system of these think-aloud protocols is under development, and MPWM has shown its special advantage in representing the desired coding system.
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