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The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

How do we know this???!???

Cantor (1878):
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CH : 8S[(S ⇢ R ^ ¬Fin(S)) ! (S ⇠ N _ S ⇠ R)]
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Every infinite subset of the reals is either the same size 
as the natural numbers or the same size as the reals.
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For every infinite set S,P(S) > S.
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Generalized Continuum Hypothesis (GCH):

There’s no set (size-wise) between S and P(S).
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Won’t work on this theorem of Gödel’s!
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Facts F …

http://etc.usf.edu/lit2go/40/the-memoirs-of-sherlock-holmes/573/adventure-1-silver-blaze


Scenario G
(in honor of Inspector Gregory)
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Sherlock as Logician
F = facts of the case
G = Inspector Gregory’s scenario
H = Holmes’s scenario 

Holmes:  “Gregory’s claim is G (Simpson is guilty, & 
other details re. what he did).  We have F, the facts 
of the case, disputed by no one.  The question is:  F 

 G?  The answer is clearly No, for my scenario H, 
which entails , is consistent with the facts 
[ ], and H entails .  Here’s the 
proof:  Suppose for reductio that F  G.  Then F  
H are inconsistent — contradiction!  Hence F  G.”

⊢
¬G

Con (F ∪ H) ¬G
⊢ ∪

⊬
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Gödel’s “Holmesian” Proof

Proof-Sketch:  GCH is equivalent to the statement that there 
are at most c* subsets of c, where ‘c’ is any cardinal number, and c* 
is the cardinal after c (i.e., |P(c)| ≤ c*).  Gödel showed by employing 
transfinite recursion (!) that there are at most c* constructible 
subsets of c; hence if all all sets are constructible, GCH follows.  
Gödel created a scenario in which all sets are constructible (viz., C), 
and showed that this scenario is consistent with ZFC (assuming, as 
we are, that ZFC is consistent).  Therefore, by parallel to Holmes’s 
reasoning, GCH can never be disproved from ZFC!   Here’’s the 
reasoning:  Suppose for reductio that ZFC GCH.   We know 
that C GCH.  Therefore C and ZFC are inconsistent; but this 
contradicts the consistency that Gödel proved.  QED

⊢ ¬
⊢
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and showed that this scenario is consistent with ZFC (assuming, as 
we are, that ZFC is consistent).  Therefore, by parallel to Holmes’s 
reasoning, GCH can never be disproved from ZFC!   Here’’s the 
reasoning:  Suppose for reductio that ZFC GCH.   We know 
that C GCH.  Therefore C and ZFC are inconsistent; but this 
contradicts the consistency that Gödel proved.  QED

⊢ ¬
⊢

(Of course, in “Silver Blaze,” Sherlock did proceed to show that his 
scenario was true.  The analogue to that doesn’t hold in the Gödel story.)

ZFC  GCH⊬





slutten



Test 3 …



Question 1 (required) …





1:  No, humans 
aren’t fundamentally 
rational as asserted 
here!  & here’s why!

2:  No, nonhuman 
animals aren’t non-
rational as asserted 
here!  & here’s why!

3:  No, AIs aren’t non-
rational as asserted 
here!  & here’s why!

4:  No, the capacities 
called out in H are not 
beyond nonhuman 
animals and AIs.



Question 2 (optional) …



PA |- q*(“g*”) iff PA |- g*          (1’)

Indirect Proof

Proof:  Let’s follow The Liar:  Suppose that g* is provable from PA; 
i.e., suppose PA |- g*.  Then by (1), with g* substituted for s, we have:

GI:  g* isn’t provable from PA; nor is the negation of g*!

From our supposition and working right to left by modus ponens on 
(1’) we deduce:

PA |- q*(“g*”)                           (3.1)
But from our supposition and the earlier (see previous slide) (2), we 
can deduce by modus ponens that from PA the opposite can be 
proved!  I.e., we have:

PA |- not-q*(“g*”)                           (3.2)

But (3.1) and (3.2) together means that PA is inconsistent, since it 
generates a contradiction.  But we are working under the supposition that 
PA is consistent.  Hence by indirect proof g* is not provable from PA.
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Indirect Proof

Proof:  Let’s follow The Liar:  Suppose that g* is provable from PA; 
i.e., suppose PA |- g*.  Then by (1), with g* substituted for s, we have:

GI:  g* isn’t provable from PA; nor is the negation of g*!

From our supposition and working right to left by modus ponens on 
(1’) we deduce:

PA |- q*(“g*”)                           (3.1)
But from our supposition and the earlier (see previous slide) (2), we 
can deduce by modus ponens that from PA the opposite can be 
proved!  I.e., we have:

PA |- not-q*(“g*”)                           (3.2)

But (3.1) and (3.2) together means that PA is inconsistent, since it 
generates a contradiction.  But we are working under the supposition that 
PA is consistent.  Hence by indirect proof g* is not provable from PA.

Show, in a manner that follows the reasoning in The Liar, that 
supposing that the negation of g* (i.e., not-g*) is provable from PA 
leads to a contradiction, and hence can’t be provable from PA.



Paper Turn-In Logistics …

Email final draft of paper as a pdf (no other 
formats accepted) attachment to both 
Selmer.Bringsjord@gmail.com and 
can.mekik@gmail.com using verbatim the 
SUBJECT “AHR? S19 Paper Final Draft 
<firstname> <lastname>” by 1159pm Dec 17 2019.  

Thank you.  Its been an honor to teach this class.
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