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Preliminaries:  
Propositional Calculus & 

First-Order Logic
…
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Actually …

ℒ0 < ℒ1 < ℒ2 < ℒ3…

Zero-order logic; subsumes 
the propositional calculus. First-order logic; this is 

whaat the Completeness 
Theorem is about.

Second-order logic. Third-order logic, which Gödel 
used for his “God Theorem.”
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A1 (� _ �) ! �
A2 �! (� _  )
A3 (� _  ) ! ( _ �)
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All instances of these schemata are true no matter 
what the input (true or false).  (Agreed?)  And indeed 
every single formula in the propositional calculus that 
is true no matter what the permutation (as shown in 
a truth table), can be proved (somehow) from these 
four axioms (using the rules of inference given earlier 
in our semester).  This, Gödel knew, and could use.
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Exercise 1:  
Verify that these are true-no-matter what in a truth table; 

then prove using our rules for the prop. calc.

(� ^  ) ! ( _ �)√
Truth Table showing this formula true no matter what the inputs.

Proof:

1 � ^  Supposition
2  1, Simplification
3  _ � 2, Addition
4 (� _  ) ! ( _ �) 1–3, Conditional Intro







From Language-Learning Slides: 
The Grammar of the Pure Predicate Calculus
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Constant ) c1 | c2 | c3 . . .
Function ) f1 | f2 | f3 . . .
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Bill’s smart mother is a mother. 

These are all true, yes; but can they be proved?!
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Add the Final Addition/Deeper Challenge:
Add Two Quantifiers to the Pure Predicate Calculus,

Which Yields the First-order Logic = Predicate Calculus simpliciter

there exists at least one thing x such that …

for all x, it’s the case that …

9x . . .

8x . . .

Every natural number is greater than or equal to zero.
8x(x � 0)

Every positive integer x is less-than-or-equal-to a positive integer y.
8x9y(x  y) 8x9y( (x, y))



The Shoulders Available to 
Gödel for Standing Upon

…



Completeness Theorem for 
The Propositional Calculus

Let � be a set {�1,�2, . . .} of formulae in the the propositional calculus.
Then either all of � are satisfiable, or the conjunction up to and including
the point k (i.e. �1 ^ �2 ^ . . . ^ �k) of failure is refutable.
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Let � be a set {�1,�2, . . .} of formulae in the the propositional calculus.
Then either all of � can be simultaneously true in some scenario, or the
conjunction up to and including the point k (i.e. �1 ^ �2 ^ . . . ^ �k) of
failure is refutable (i.e. ` ¬(�1 ^ �2 ^ . . . ^ �k)).

<latexit sha1_base64="cUFmYnMZWq9+/1+rQoqL2aN6jL8="></latexit>



What does the 
Completeness Theorem 

say?
…



Completeness Theorem as an Equation

In first-order logic:  NECESSARY TRUTH = PROVABILITY.



Completeness Theorem, 
More Precisely Put

For every first-order statement :   is a 
necessary or absolute truth (i.e. true in any 
scenario whatsoever) if, and only if,  is provable.

ϕ ϕ

ϕ



And the version Gödel targeted, 
and proved:

For every first-order statement :  Either  
is true in some scenarios, or  is refutable 
(= it’s negation  can be proved).

ϕ ϕ
ϕ

¬ϕ

CompG



The Proof-Sketch



The Proof-Sketch
To prove the theorem in the case of first-order logic , 
we need to show that given any set  of formulae in first-
order logic, either there's a scenario on which every member 
of this set is true; otherwise, there is a refutation of the set, 
i.e. a proof from the set to an outright contradiction .  
We can accomplish this by finding a procedure  that first 
takes the set in question and goes hunting for a scenario that 
does the trick.  If the scenario is found, we're done.  But, if 
such a scenario can't be found, then our procedure moves on 
to find a proof of a contradiction from !

( = ℒ1)
Γ

ϕ ∧ ¬ϕ
𝒫

Γ
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<latexit sha1_base64="H+BljCbuV4tbOyQ6UUTuJ4LI/0w=">AAACQnicbVBLS8NAGNzUV62vVunJy2IRPJVEC3osevFYwT6gKWGz2bRLN9mw+0UpIT/Gq/4N/4R/wZt49eD2cbCtAwvDfDMwO34iuAbb/rAKG5tb2zvF3dLe/sHhUbly3NEyVZS1qRRS9XyimeAxawMHwXqJYiTyBev647vpvfvElOYyfoRJwgYRGcY85JSAkbxyNfEaLnYVH46AKCWfXZx4jleu2XV7BrxOnAWpoQVaXsWquoGkacRioIJo3XfsBAYZUcCpYHnJTTVLCB2TIesbGpOI6UE265/jc6MEOJTKvBjwTP2byEik9STyjTMiMNJLNw0RURMV5KuJqfXfxFRROtT5mgpSCr1SFsKbQcbjJAUW03nXMBUYJJ7uiQOuGAUxMYRQxc13MR0RRSiY1UtmSGd1tnXSuaw7V3XnoVFr3i4mLaJTdIYukIOuURPdoxZqI4oy9IJe0Zv1bn1aX9b33FqwFpkTtATr5xdvA7DX</latexit>

p4 true; p1 true
<latexit sha1_base64="EJKvWy8YP88y94/fnZI7sfGhfSg="></latexit>

p4 false; p1 false
<latexit sha1_base64="LduelHnvEsLrFBRp/zmCnF9q4NM="></latexit>

X X
p4 false; p1 true

<latexit sha1_base64="gTLDHBcjVme+PH2zneOXjSz2ZFY="></latexit>

X

� := {p1 ! p2, p3 ^ p4, ¬p2, p4 ! p1, . . .}
<latexit sha1_base64="QZ4q5sNsriK7c63W6kDlO730+JM="></latexit>

Therefore,  there is no scenario in which all of the formulae are true!



Therefore,  since we can travel to infinity, there is a scenario in 
which all of the formulae are true:  any infinite path down will do.

� := {p1 ! p3, p2, p4 ! p6, p5, p7 ! p9, p8, . . .}
<latexit sha1_base64="o3WX/XN2n7CzNpWmLuNt7gNiu5Y="></latexit>

p1 ! p3
<latexit sha1_base64="VPCC9++h6xkj6sbBM72+oMrk+8s=">AAACQHicbVDNSsNAGNzUv1r/WosnL4tF8FQSK+ix6MVjBfsDbQibzaZdusmG3S9KKH0Wr/oavoVv4E28enLT9mBbBxaG+WZgdvxEcA22/WEVNja3tneKu6W9/YPDo3LluKNlqihrUymk6vlEM8Fj1gYOgvUSxUjkC9b1x3f5vfvElOYyfoQsYW5EhjEPOSVgJK9cTTwHDxQfjoAoJZ9x4jW8cs2u2zPgdeIsSA0t0PIq1skgkDSNWAxUEK37jp2AOyEKOBVsWhqkmiWEjsmQ9Q2NScS0O5m1n+JzowQ4lMq8GPBM/ZuYkEjrLPKNMyIw0ks3DRFRmQqmq4nc+m8iV5QO9XRNBSmFXikL4Y074XGSAovpvGuYCgwS52vigCtGQWSGEKq4+S6mI6IIBbN5yQzprM62TjqXdadRdx6uas3bxaRFdIrO0AVy0DVqonvUQm1EUYZe0Ct6s96tT+vL+p5bC9YiU0VLsH5+Acv+sAo=</latexit>

p1 true; p3 true
<latexit sha1_base64="QuoZlSQIb6PHWWPhLzR7vFedX14="></latexit>

p1 false; p3 false
<latexit sha1_base64="NXHlJWyy+sHzpYhE1ZzfgqtLbac="></latexit>

p1 false; p3 true
<latexit sha1_base64="3MLQBKFXu9f0lWg6eVB5Jpcit2k="></latexit>

p2
<latexit sha1_base64="86N1taBFDKSWniqV7ZgEdadVCyo=">AAACLnicbVDNSsNAGNz4W+tfq3jyEiyCp5JUQY9FLx4r2h9oQ9lsNu3SzW7Y/SKEkkfwqq/h0wgexKuP4abNwbYOLAzzzcDs+DFnGhzn01pb39jc2i7tlHf39g8OK9WjjpaJIrRNJJeq52NNORO0DQw47cWK4sjntOtP7vJ795kqzaR4gjSmXoRHgoWMYDDSYzxsDCs1p+7MYK8StyA1VKA1rFong0CSJKICCMda910nBm+KFTDCaVYeJJrGmEzwiPYNFTii2pvOumb2uVECO5TKPAH2TP2bmOJI6zTyjTPCMNYLNw0RVqkKsuVEbv03kStKhzpbUUFKrpfKQnjjTZmIE6CCzLuGCbdB2vl2dsAUJcBTQzBRzHzXJmOsMAGzcNkM6S7Ptko6jbp7WXcfrmrN22LSEjpFZ+gCuegaNdE9aqE2ImiEXtArerPerQ/ry/qeW9esInOMFmD9/AI4x6lT</latexit>

p4 ! p6
<latexit sha1_base64="rvV3KSXtypc/SM3s2JmeCKmLOTg=">AAACQHicbVBLS8NAGNz4rPXVWjx5WSyCp5JoUY9FLx4r2Ae0IWw2m3bpJht2vyih5Ld41b/hv/AfeBOvntw+DrZ1YGGYbwZmx08E12DbH9ba+sbm1nZhp7i7t39wWCoftbVMFWUtKoVUXZ9oJnjMWsBBsG6iGIl8wTr+6G5y7zwxpbmMHyFLmBuRQcxDTgkYyStVEq+O+4oPhkCUks848a68UtWu2VPgVeLMSRXN0fTK1nE/kDSNWAxUEK17jp2AOyYKOBUsL/ZTzRJCR2TAeobGJGLaHU/b5/jMKAEOpTIvBjxV/ybGJNI6i3zjjAgM9cJNQ0RUpoJ8OTGx/puYKEqHOl9RQUqhl8pCeOOOeZykwGI66xqmAoPEkzVxwBWjIDJDCFXcfBfTIVGEgtm8aIZ0lmdbJe2LmnNZcx7q1cbtfNICOkGn6Bw56Bo10D1qohaiKEMv6BW9We/Wp/Vlfc+sa9Y8U0ELsH5+AdbesBA=</latexit>

p4 true; p6 true
<latexit sha1_base64="NedoU/0g7uIvVhvnrqrotOuceSA="></latexit>

p4 false; p6 false
<latexit sha1_base64="O3s5HlOBPu9WSfdS0cAfTArREUU="></latexit>

p4 false; p6 true
<latexit sha1_base64="y15wsPDpkNdSgUTDnEwXwx3VFJc="></latexit>

p2 true
<latexit sha1_base64="0VeFMQgaXI9uQSLSTJWi+dp6X/s="></latexit>

p2 true
<latexit sha1_base64="0VeFMQgaXI9uQSLSTJWi+dp6X/s="></latexit>

p2 true
<latexit sha1_base64="0VeFMQgaXI9uQSLSTJWi+dp6X/s="></latexit>

p4 true; p6 true
<latexit sha1_base64="NedoU/0g7uIvVhvnrqrotOuceSA="></latexit>

p4 false; p6 false
<latexit sha1_base64="O3s5HlOBPu9WSfdS0cAfTArREUU="></latexit>

p4 false; p6 true
<latexit sha1_base64="y15wsPDpkNdSgUTDnEwXwx3VFJc="></latexit>

p4 true; p6 true
<latexit sha1_base64="NedoU/0g7uIvVhvnrqrotOuceSA="></latexit>

p4 false; p6 false
<latexit sha1_base64="O3s5HlOBPu9WSfdS0cAfTArREUU="></latexit>

p4 false; p6 true
<latexit sha1_base64="y15wsPDpkNdSgUTDnEwXwx3VFJc="></latexit>

p5
<latexit sha1_base64="zQBKeE+dacApeLKvft6OfbOe7FQ=">AAACLnicbVBLS8NAGNz4rPXVKp68LBbBU0l8oMeiF48V7QPaUDabTbt0kw27X4RQ8hO86t/w1wgexKs/w02bg20dWBjmm4HZ8WLBNdj2p7Wyura+sVnaKm/v7O7tV6oHbS0TRVmLSiFV1yOaCR6xFnAQrBsrRkJPsI43vsvvnWemNJfRE6Qxc0MyjHjAKQEjPcaDq0GlZtftKfAycQpSQwWag6p11PclTUIWARVE655jx+BOiAJOBcvK/USzmNAxGbKeoREJmXYn064ZPjWKjwOpzIsAT9W/iQkJtU5DzzhDAiM9d9MQEpUqP1tM5NZ/E7midKCzJRWkFHqhLAQ37oRHcQIsorOuQSIwSJxvh32uGAWRGkKo4ua7mI6IIhTMwmUzpLM42zJpn9edi7rzcFlr3BaTltAxOkFnyEHXqIHuURO1EEVD9IJe0Zv1bn1YX9b3zLpiFZlDNAfr5xc+H6lW</latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

p5 true
<latexit sha1_base64="JvTnUEVxEj792Nvr/NVgyi0Yorc="></latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>

...
<latexit sha1_base64="dm9mWrB+txRWp3da3XJ47v4PeA4=">AAACMXicbVDNSsNAGNz4W+tfq3jyEiyCp5KooMeiF48V7A+0oWw2m3btbjbsfimEknfwqq/h0/QmXn0JN20OtnVgYZhvBmbHjznT4Dgza2Nza3tnt7RX3j84PDquVE/aWiaK0BaRXKqujzXlLKItYMBpN1YUC5/Tjj9+zO+dCVWayegF0ph6Ag8jFjKCwUjt/iSQoAeVmlN35rDXiVuQGirQHFSts34gSSJoBIRjrXuuE4M3xQoY4TQr9xNNY0zGeEh7hkZYUO1N53Uz+9IogR1KZV4E9lz9m5hioXUqfOMUGEZ66aZBYJWqIFtN5NZ/E7midKizNRWk5HqlLIT33pRFcQI0IouuYcJtkHY+nx0wRQnw1BBMFDPftckIK0zAjFw2Q7qrs62T9nXdvam7z7e1xkMxaQmdowt0hVx0hxroCTVRCxH0it7QO/qwPq2Z9WV9L6wbVpE5RUuwfn4BbPmq/A==</latexit>



But the assumption that 
there is an infinite branch is 
based on König’s Lemma …



Toward König’s Lemma as Train Travel



“To infinity and beyond!”



König’s Lemma (train-travel version)

In a one-way train-travel map with finitely many 
options leading from each station, if there are 
partial paths forward of every finite length, 
there is an infinite path (= a path “to infinity”).





















Exercise 2:  
Is there an algorithm for traveling this way?



Exercise 2:  
Is there an algorithm for traveling this way?

No.  This strategy for travel is beyond 
the reach of standard computation.



Exercise 2:  
Is there an algorithm for traveling this way?

No.  This strategy for travel is beyond 
the reach of standard computation.

(Does it not then follow, assuming 
that humans can find and “use” a 
provably correct strategy for this 
travel, that humans can’t be 
fundamentally computing machines?)



Proving the Lemma
(that there is an infinite branch)

Proof:  We are seeking to prove that there is an infinite path (= that you can keep 
going forward forever = that the number of your stops forward are the size of Z+).  

To begin, assume the antecedent of the theorem (i.e. that, (1), there are finitely many 
options leading from each station, and that, (2), in the map there are partial paths 
forward of every finite size).

Now, you are standing at Penn Station (S1), facing k options.  At least one of these 
options must lead to partial paths of arbitrary size (the size of any m in Z+).  (Sub-
Proof:  Suppose otherwise for indirect proof.  Then there is some positive integer n 
that places a ceiling on the size of partial paths that can be reached.  But this violates 
(2) — contradiction.)  Proceed to choose one of these options that lead to partial 
paths of arbitrary size.  You are now standing at a new station (S2), one stop after 
Penn Station.  At least one of these options must lead to partial parts of arbitrary 
size (the size of any m in Z+).  (Sub-Proof:  Suppose otherwise for indirect proof 
…)

Since you can iterate this forever, you’ll be on an infinite trip to infinity!  Buzz will be 
happy.



For Further Reading
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Yet, Conjecture (C) 
(see “Isaacson’s Conjecture”)

In order to produce a rationally compelling proof 
of any true sentence S formed from the symbol set 
of the language of arithmetic, but independent of 
PA, it’s necessary to deploy concepts and 
structures of an irreducibly infinitary nature.

If this is right, and computing machines can’t 
use irreducibly infinitary techniques, they’re in 
trouble — or:  there won’t be a Singularity.


