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Paradoxes
• Type 1: Single body of knowledge from which it is possible 

to deduce a contradiction (logical paradox) 

• e.g. Russell’s paradox 

• Type 2: Counter-intuitive results (pseudo-paradox) 

• e.g. Skolem’s paradox 

• Type 3: Logical paradox from two (individually consistent 
and plausible) bodies of knowledge 

• e.g. Newcomb’s paradox



Types of Logical Paradoxes

• Deductive 

• e.g. Russell’s Paradox 

• Inductive 

• e.g. Lottery Paradox



Russell’s Paradox

“It is to be understood from the start that Russell’s paradox is 
not to be regarded as a disaster. It and the related paradoxes 

show that the naïve notion of all-inclusive collections is 
untenable. That is an interesting result, no doubt about it.” 

-Dana Scott



The Lottery Paradox
• A perfectly rational person can never believe P and 

believe ¬P at the same time. 

• The Lottery Paradox (apparently) shows, courtesy 
of its two Sequences (of Reasoning), that a 
perfectly rational person can indeed have such a 
belief (upon considering a fair, large lottery). 

• Contradiction! — and hence a paradox!



Sequence 1 Sequence 2

Contradiction!



Sequence 1
Let D be a meticulous and perfectly accurate 
description of a 1,000,000,000,000-ticket lottery, 
of which rational agent a is fully apprised. 

From D it obviously can be proved that either ticket 1 will 
win or ticket 2 will win or … or ticket 1,000,000,000,000 
will win.  Let’s write this (exclusive) disjunction as follows:

We then deduce from this that there is at least one ticket that will win, a 
proposition represented — using standard notation — as:

Very well; perfectly clear so far.  And now we can add another deductive step:  
Since our rational agent a can follow this deduction sequence to this point, 
and since D is assumed to be indubitable, it follows that our rational agent in 
turn believes (2); i.e., we conclude Sequence 1 by obtaining the following:



Sequence 1

√



Sequence 2
As in Sequence 1, once again let D be a meticulous and perfectly accurate description of a 
1,000,000,000,000-ticket lottery, of which rational agent a is fully apprised. 

From D it obviously can be proved that the probability of a particular 
ticket ti winning is 1 in 1,000,000,000,000.  Using ‘1T’ to denote 1 trillion, 
we can write the probability for each ticket to win as a conjunction:

For the next step, note that the probability of ticket t1 winning is lower than, say, the 
probability that if you walk outside a minute from now you will be flattened on the spot by 
a door from a 747 that falls from a jet of that type cruising at 35,000 feet.  Since you have 
the rational belief that death won't ensue if you go outside (and have this belief precisely 
because you believe that the odds of your sudden demise in this manner are vanishingly 
small), the inference to the rational belief on the part of a that t1 won’t win sails through— 
and this of course works for each ticket.  Hence we have:

Of course, if a rational agent believes P, and believes Q as well, it follows that that 
agent will believe the conjunction P & Q.  Applying this principle to (2) yields:

But (3) is logically equivalent to the statement that there doesn’t exist a winning 
ticket; i.e., (3) is logically equivalent to this result from Sequence 2:



Sequence 2

√



Sequence 1 Sequence 2

(The contradiction we sketched earlier has arrived.)
√√



Pollock’s Solution



Pollock’s Formulation
• For any ticket, it would seem reasonable to conclude 

that it will not win the lottery. 

• But since you can make the same argument for every 
ticket, given that all other tickets lose, you could 
deductively conclude that your ticket will win at an equal 
level of belief. Then, paradoxically, it would seem that 
you believe that every ticket will lose, but also win. 

• There is no way to choose between the two competing 
arguments, so it would be irrational to believe one over 
the other.



Defeasible Reasoning
• Imagine the following: Keith tells you 

that the morning news predicts rain 
in Tucson today. However, Alvin tells 
you that the same news report 
predicted sunshine. 

• Without any other source of 
information, it would be irrational to 
place belief in either Keith’s or 
Alvin’s statements. 

• Further, suppose you happened to 
watch the noon news report, and 
that report predicted rain. Then you 
should believe that it will rain 
despite your knowledge of Alvin’s 
argument.



Pollock’s Solution
• Sequence 2 is concluded with 

a non-deductive strength 
factor, so belief in its 
conclusion is defeasible. 

• We infer from a minute 
probability that an given ticket 
will win to a defeasible belief 
that it will definitely not win. 

• Axioms of conditional 
probability are needed over 
pure FOL.



Pollock’s Solution (cont.)

• The two sequences compete 
for belief, and by the weakest 
link principle, Sequence 2 is 
defeated. 

• Inefficient to implement for 
realistic lotteries (e.g. one 
trillion instances of statistical 
syllogism needed).



Bringsjord’s Solution



Strength-Factor Continuum
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Deduction preserves strength.

Clashes are resolved in favor of higher strength.

Any proposition p such that prob(p) < 1 is at most evident.

Key Principles

Any rational belief that p, where the basis for p is at 
most evident, is at most an evident (= level 3) belief.



Sequence 1, “Rigorized”
Let D be a meticulous and perfectly accurate 
description of a 1,000,000,000,000-ticket lottery, 
of which rational agent a is fully apprised. 

From D it obviously can be proved that either ticket 1 will 
win or ticket 2 will win or … or ticket 1,000,000,000,000 
will win.  Let’s write this (exclusive) disjunction as follows:

We then deduce from this that there is at least one ticket that will win, a 
proposition represented — using standard notation — as:

Very well; perfectly clear so far.  And now we can add another deductive step:  
Since our rational agent a can follow this deduction sequence to this point, 
and since D is assumed to be indubitable, it follows that our rational agent in 
turn believes (2); i.e., we conclude Sequence 1 by obtaining the following:

4

4

4

4



Sequence 2, “Rigorized”
As in Sequence 1, once again let D be a meticulous and perfectly accurate description of a 
1,000,000,000,000-ticket lottery, of which rational agent a is fully apprised. 

From D it obviously can be proved that the probability of a particular 
ticket ti winning is 1 in 1,000,000,000,000.  Using ‘1T’ to denote 1 trillion, 
we can write the probability for each ticket to win as a conjunction:

For the next step, note that the probability of ticket t1 winning is lower than, say, the 
probability that if you walk outside a minute from now you will be flattened on the spot by 
a door from a 747 that falls from a jet of that type cruising at 35,000 feet.  Since you have 
the rational belief that death won't ensue if you go outside (and have this belief precisely 
because you believe that the odds of your sudden demise in this manner are vanishingly 
small), the inference to the rational belief on the part of a that t1 won’t win sails through— 
and this of course works for each ticket.  Hence we have:

Of course, if a rational agent believes P, and believes Q as well, it follows that that 
agent will believe the conjunction P & Q.  Applying this principle to (2) yields:

But (3) is logically equivalent to the statement that there doesn’t exist a winning 
ticket; i.e., (3) is logically equivalent to this result from Sequence 2:

4

4



Paradox Solved!
Deduction preserves strength.

Clashes are resolved in favor of higher strength

Any proposition p such that prob(p) < 1 is at most evident.

Any rational belief that p, where the basis for p is at 
most evident, is at most an evident (= level 3) belief.





St. Petersburg 
Paradox?



The St. Petersburg game is played by flipping a fair coin until it 
comes up tails, and the total number of flips, n, determines the 
prize, which equals $2^n. Thus if the coin comes up tails the 
first time, the prize is $2^1 = $2, and the game ends. If the 
coin comes up heads the first time, it is flipped again. If it 

comes up tails the second time, the prize is $2^2, = $4, and 
the game ends. If it comes up heads the second time, it is 
flipped again. And so on. There are an infinite number of 

possible ‘consequences’ (runs of heads followed by one tail) 
possible. The probability of a consequence of n flips (‘P(n)’) is 

1 divided by 2n, and the ‘expected payoff’ of each 
consequence is the prize times its probability.





The ‘expected value’ of the game is the sum of the expected 
payoffs of all the consequences. Since the expected payoff of 

each possible consequence is $1, and there are an infinite 
number of them, this sum is an infinite number of dollars. A 

rational gambler would enter a game iff the price of entry was 
less than the expected value. In the St. Petersburg game, any 
finite price of entry is smaller than the expected value of the 
game. Thus, the rational gambler would play no matter how 

large the finite entry price was. But it seems obvious that some 
prices are too high for a rational agent to pay to play. Many 

commentators agree with Hacking's (1980) estimation that "few 
of us would pay even $25 to enter such a game."



Monday:
Paradoxes of Time Travel! 

Thanks!


